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I discuss a new approach to constructing lattices for gauge theories with extended supersymmetry. The lattice 
theories themselves respect certain supersymmetries, which in many cases allows the target theory to be obtained 
in the continuum limit without fine-tuning. 
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1. Introduction 

Supersymmetric gauge theories are known to 
exhibit diverse fascinating phenomena (See, for 
example, |1I2I3| '). These include phenomena seen 
in QCD, such as confinement and chiral symme- 
try breaking. In some cases one can demonstrate 
phenomena suspected to be important in QCD, 
such as magnetic monopolc condensation and in- 
stantons. Others exhibit phenomena which are 
decidedly unlike QCD, such as massless compos- 
ite fermions. There exist pairs of theories which 
have quite different Lagrangian descriptions (such 
as different gauge groups) which are believed to 
be dual to each other. Some of these theories 
are expected to possess nontrivial conformal fixed 
points in the infrared. A particularly special case, 
A/" = 4 supersymmetric Yang-Mills theory (SYM) 
in four dimensions is thought to be exactly con- 
formal and to be self-dual. Understanding these 
theories in detail would greatly expand our knowl- 
edge of field theory. These theories could be 
of more than pedagogical importance however. 
Many have speculated that strongly coupled SYM 
theories could explain the hierarchy between the 
weak and GUT scales and the baffling pattern 
of quark and Icpton masses. Beyond that, string 
theory and all of quantum gravity is thought to 
be related to such theories in the large- A'c limit, 
where Nc is the number of colors of the gauge 
group. 
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Up until recently there has not existed a non- 
perturbative regulator for such theories, and so 
our knowledge of their behavior has been limited 
to certain analytical calculations and informed 
speculation. 

Recently there have been a number of interest- 
ing developments in lattice supersymmetry, such 
as work on the d — 2 dimensional Wess-Zumino 
model gEEEl, on d = 4, TV = 1 SYM theory 
|8I9I1U) , as well as other supersymmetric theories 
|11I12I13] . In this talk I will tell you about recent 
progress I have made with my collaborators A. 
Cohen, E. Katz, and M. Unsal in constructing lat- 
tice theories whose continuum limits are various 
SYM theories in various dimensions |14I15I16I17| . 
In many cases we can show that the target the- 
ory is obtained in the continuum limit without 
the need for fine-tuning of couplings. This is ac- 
complished by maintaining some unbroken super- 
symmetry at finite lattice spacing, an approach 
shared by the recent work discussed at this con- 
ference by Simon Catterall piTT] . The lattices 
that result are quite unlike ones that are usually 
considered by lattice theorists. I intend to ex- 
hibit some of their peculiar and almost magical 
properties, such as the emergence of chiral sym- 
metries in the continuum without having to resort 
to overlap or domain wall fermions. 

2. Accidental Supersymmetry 

Formulating a supersymmetric lattice gauge 
theory is difficult, since supersymmetry is actu- 
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ally an extension of the Poincare algebra, which 
is explicitly broken by the lattice. In particu- 
lar, the central feature of the super-Poincare al- 
gebra is the anti-commutator of a supercharge Qa 
and its conjugate Qa, which yields the generator 
of infinitesimal translations, P^. Schematically, 
{Q,Q} ~ 2P. On the lattice there are no in- 
finitesimal translations, and therefore the super- 
symmetry algebra must be broken. 

Nevertheless, we are quite familiar with the 
continuum limit of a lattice theory possessing 
more symmetry than the lattice action itself, and 
we might hope to construct non-supersymmetric 
lattices with supersymmetric continuum limits. 
Certainly it ought to be possible to accomplish 
with enough fine-tuning of coupling constants, 
but that approach is neither feasible in practice 
nor theoretically satisfying. An obvious paradigm 
to emulate is the emergence of Poincare symmetry 
without fine-tuning in lattice QCD. The way this 
works is that the exact symmetries of the lattice 
theory — specifically gauge symmetry and the 
hypercubic crystal symmetry — forbid operators 
with dimension < 4 which violate Poincare sym- 
metry. Thus at weak coupling, the theory flows to 
a Poincare symmetric point in the infrared with- 
out any fine-tuning of couplings required. In this 
sense, Poincare symmetry emerges as an "acci- 
dental" symmetry in the continuum. As we well 
know, one is not always so lucky: witness the 
difficulties in obtaining chiral symmetry in the 
continuum limit of lattice QCD. 

Although we cannot construct lattices which 
obey the super-Poincare algebra, we may still 
hope to find lattices for which supersymmetry 
emerges as an accidental symmetry in the in- 
frared. 

A simple example of a non-supersymmetric the- 
ory with a supersymmetric limit in the infrared 
is an SU{N) gauge theory with a single Weyl 
spinor transforming in the adjoint representation, 
respecting an exact Z2N chiral symmetry, the 
anomaly-free subgroup of phase rotations of the 
fermion. Such a theory has Af — 1 SYM as 
its infrared limit, since the only possible super- 
symmetry violating relevant operator allowed by 
the gauge and spacetime symmetries is a fermion 
mass, and that is forbidden by the anomaly-free 



Z2N chiral symmetry |^. It is possible to con- 
struct such a theory on the lattice using overlap or 
domain wall fermions |19l2()l21l22j . It is also pos- 
sible to dispense with the chiral symmetry and 
to use Wilson fermions, making one fine-tuning 
(setting the fermion mass to zero) in order to ob- 
tain the supersymmetric target theory 8, . This 
is a very interesting theory to study, but as it re- 
quires dynamical fermions to exhibit supersym- 
metry, the technical challenges to simulating the 
theory are great. 

In four dimensions, the above example of pure 
Af = 1 SYM theory is the only supersymmetric 
theory without scalar fields. If one wishes to sim- 
ulate any other supersymmetric theory in d = 4 
dimensions, then scalars must be introduced, and 
the situation looks grim. That is because among 
the plethora of relevant supersymmetry violating 
operators that must now be considered, one is a 
mass term for the scalar. There are only two sym- 
metries which can forbid a scalar mass term. The 
first is a shift symmetry, — > (f> + f, where / is 
a constant. This results in (f> only having deriva- 
tive interactions... it is a Goldstone boson. Such a 
theory cannot describe most supersymmetric the- 
ories of interest, including SYM theories, in which 
scalar fields have gauge interactions. 

The second symmetry which can forbid mass 
terms is supersymmetry. This reasoning seems to 
have led us in full circle: due to the difficulties in 
realizing supersymmetry exactly on the lattice, 
we are led to look for non-supersymmetric the- 
ories exhibiting accidental supersymmetry; but 
accidental supersymmetry seems to require ex- 
act supersymmetry in order to forbid scalar mass 
terms. 

All that remains to us is a sort of compromise: 
perhaps we can construct a lattice with a little 
bit of exact supersymmetry, enough to forbid rel- 
evant operators which violate any of the target 
theories more extensive supersymmetry. There 
are lots of reasons to expect this approach to fail 
for SYM theories, however: 

• Presumably the exact supersymmetry would re- 
quire scalar, fermions and gauge fields to exist in 
the same multiplet. But then if gauge fields live 
on links, one would expect their supersymmet- 
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ric partners to as well. But how can spin zero 
bosons reside on links, which would require them 
to transform nontrivial under the exact lattice ro- 
tations, and hence (one would expect) under con- 
tinuum Lorentz transformations? 

• With so many particles of different spin around, 
it would seem difficult to even realize accidental 
Lorentz symmetry in the continuum due to the 
large number of relevant Lorentz violating inter- 
actions. Lorentz violation has been the outcome 
of many attempts to construct lattices with par- 
tial supersymmetry, such as in ref. ^23. : 
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• The SYM target theories typically have large 
chiral symmetries (called i?-symmetries) which 
do not commute with the supersymmetry. For 
example. A/" = 4 supersymmetry in d = 4 has 
an SU{A) i?-symmetry, under which the fermions 
transform as the four dimensional defining repre- 
sentation, while the scalars transform as the six 
dimensional antisymmetric tensor. Our experi- 
ence with lattice QCD suggests that we would ei- 
ther have to fine-tune the theory to realize these 
symmetries, or else employ overlap or domain 
wall fermions. In the latter cases it is hard to 
imagine how there could be a supersymmetry re- 
lating such fermions to scalars or gauge bosons, 
which have quite different implementations. 

Happily, we have found that there exist lattices 
which get around all of the above objections. The 
technical details of how to construct these lattices 
are given in refs. |14ll5ll(ill7j : here I will focus in- 
stead on what the lattices look like, and how they 
work. I will begin by discussing a lattice theory 
for SYM in two Euclidean dimensions, possessing 
four real supercharges. 

(A matter of nomenclature: rather than desig- 
nating the amount of supersymmetry hy Af = 1, 
J\f = 2, etc. in dimensions d < A, which gets 
confusing, I will instead refer to the number of 
real supercharges Q. For comparison. A/" = 1, 
Af = 2 and A/" = 4 SYM theories in d = 4 pos- 
sess Q = 4, Q = 8 and Q = 16 real supercharges 
respectively.) 



Figure 1. The lattice for SYM in d = 2 with 
Q — 4: supercharges. Latin letters correspond to 
one-component complex bosons, Greek letters to 
one component fermions. 



3. Super Yang Mills in d = 2 v^fith Q = 4 

This target theory is just what one gets upon 
reducing conventional Af — 1 SYM theory in 
d = 4 down to d = 2. The particle content is a two 
component gauge field Vm, one complex scalar s, 
and a Dirac fermion -0. All of these fields trans- 
form as adjoints under the gauge symmetry. The 
Lagrangean in Euclidean space is given by 

if , _ 

= — Tr \Djns\ +tpDm^„itp + \vmnVmn 
92 \ 

(1) 

In the above equation, Vmn is the gauge field 
strength, and (?2 is the gauge coupling. Note that 
this theory exhibits an anomalous chiral U{1) 
symmetry, involving both ip and s. 

Our lattice for this theory has the structure 
shown in Fig.^ It consists of two complex bosons 
X and y, and four one-component Grassmann 
variables a, /?, A and All fields are k x k ma- 
trices At each site there is an independent U{k) 
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symmetry, which will become a U{k) gauge sym- 
metry in the continuum; A transforms as a U{k) 
adjoint, while the link variables are bifundamen- 
tals (□,□) or the conjugate, depending on the 
orientation of the arrows shown in the figure. 

3.1. The lattice action and its classical 
limit 

The lattice action is given by 



2 ^ ^ Tr (•^n— ei -^n— ei 



(2) 



yn—G2 yn—G2 Unyn ) 
I 1 2 

-V2 (A„(A,a;,a) + A„(A,y,/3) 
-A„(^,y,a) + A„(^,a;,/?)) 



where n denotes the lattice position, ei and §2 
are unit lattice vectors, and 



An(A, X, a) = An (x„-eian-ei " CtaXa) 
An(A,y,/3) = An (y„_§2/3n-e2 - /^n^n) , 
An(C,2;,a) = (2/nan+e2 " an2/n+ei ) , 



(3) 



(In fact I will need to add some more terms to the 
above action, as discussed below in ^3.31 ) As it 
stands, this "lattice" action looks bizarre: there 
are no hopping terms and no lattice spacing de- 
fined. The action has "classical flat directions", 
or moduli. We will choose to expand the action 
about one particular point in this moduli space, 
namely 



(x) ^ (x) ^ (y) = (y) 



1 



V2c 



X li 



(4) 



Here Ife is the fc-dimensional unit matrix, and a 
will soon be interpreted as the lattice spacing. 

First, consider the bosonic part of the action. 
I rewrite the bosonic variables as 



I 



si + ivi 



1 



S2 + iV2 



(5) 



V2a V2 ' V2a V2 

and expand in powers of a. For example. 



•^n— ei ^n— ei 



X Y\X Yi IS expanded as 



1 



Si — IVi 



d 



Si — IVi 



V2a 
1 

\/2a 
1 

^/2a 



\/2 dx ^ 

si + ivi d si + ivi 



V2 
si + ivi 

dsi 
dx 

Disi + 0{a) , 



dx V2 

1 si — ivi 



V2( 



V2 



0{a) 



with Z?„j ~ dm + i[vrm ■]• Note that while naively 
the expression (xn-ei^^n-ei — x^Xn) looks to be 
0(a~^), it is in fact finite as a ^ due to its 
commutator-like structure. 

Carrying out this expansion in powers of a of 
the various terms in the lattice action Eq. Q I 
find 



2 ^ ^ 1^2 ("^n— ei -^n— ei •^n^n 
I - _ _ x2" 

g J 2 



0{a) 



(6) 



and 



^ n 

1 /" 1 1 

I Sz -{D1S2 - D2Sif + - [si,S2] 

g-^a^ J 2 4 



(7) 



with the field strength defined as Vmn = 

~i[Dm,Dn]. 

Note that the two terms Eq. © and Eq. 
each individually violate the Euclidean rotation 
symmetry, but when added together they yield 



g'^a'^ J 2 2 4 



(8) 
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with s = (si + isi)l\f2. This is identical to the 
bosonic action of the the target theory Eq. 
Note that even though {a;, y} transform non- 
trivially under the discrete Civ symmetry of the 
lattice in Fig. ^ we see that the leading term in 
our expansion in powers of a is invariant under 
rotations, with Vm and Z?™ transforming as 2- 
vectors and s as a scalar — even though s is con- 
structed out of the real parts oix and y, while the 
gauge fields are constructed out of the imaginary 
parts of X and y. Even better, the action Eq. ((SJ 
exhibits an internal U{\) symmetry consisting of 
phase rotations of s. This symmetry is just the 
lJ(X)]i symmetry of the target theory; it does not 
exist as a symmetry in the lattice action. This 
bizarre and delightful behavior is characteristic 
of the supersymmetric lattices I will present here. 

To expand the fermionic part of the lattice ac- 
tion Eq. |(5J) in powers of a, I define the spinors 

V' = , i> = i{oL 0) (9) 

and the 7 matrices 

71 = 0-3 , 72 = o-i , 73 = 0-2 . (10) 

After a little work one finds that the fermionic 
part of the lattice action Eq. ^ reproduces 
the fermionic part of the target theory's action 
in Eq. plus corrections of 0{a). The lat- 
tice theory has no fermion doubler modes, and 
the anomalous \J{V)b, symmetry emerges in the 
fermion sector as well at leading order in a, even 
though not present as a symmetry of the lattice 
action. And, of course, we know that by yielding 
the 2 = 4 SYM theory in the continuum limit, 
somehow the full two dimensional super-Poincare 
symmetry has emerged as well. 

At least at the classical level then, one finds 
that the lattice theory, expanded about the values 
Eq. yields the desired target theory in the 
limit 

a— >0, g ^ CO , g2 = ag fixed. (11) 

At this point I have provided no reason to expect 
radiative corrections to respect the symmetries 
we have found at the classical level. For example. 



the two expressions in Eqs. (|6I7|) indicate that 
bosonic kinetic terms which do not respect two 
dimensional Lorentz invariance are allowed by the 
Civ symmetry of the lattice, and that the target 
theory only emerges if the two terms are added 
with precisely related coefficients. One might ex- 
pect that this delicate balance is destroyed by 
quantum effects. In fact, this does not happen, 
and that is because the lattice action Eq. ^ pos- 
sesses an exact supersymmetry that tames the ra- 
diative corrections. 

3.2. Exact lattice supersymmetry and ra- 
diative corrections 

In order to make explicit the supersymmetry 
of the lattice action Eq. it is convenient to 
develop a lattice superfield notation, with the ac- 
tion of a supercharge Q being translation along a 
Grassmann coordinate 6: Q = We can define 
superfields constructed out of our lattice variables 
(and a new auxiliary field d): 

Xn — Xn + V2 9an 

An An ((^n — ei-^n— ei ~^ *^n^n) (-^^) 
+ (5n-e2J/n-e2 " ynVn) + «C^n) 
= + 2 (xn+ei^n ~ yn+e2'^") ^ ' 

The structure of these superfields is revealing. We 
see that application of the supercharge Q = §g 
transforms x into a and y into /3, as one might 
expect from Fig. ^ However the site fermion A 
transforms into a combination of the link bosons 
X and y, which after the expansion about x = 
y = is related to the hopping terms for the 
scalar s. The diagonal link fermion ^ transforms 
into a combination of the link bosons related to 
the plaquette, which gives hopping terms for the 
gauge field Vm- In this devious way supersym- 
metry becomes entwined with translations in the 
continuum limit of our lattice: the supercharge Q 
does not have a in its definition, but the super- 
fields it acts on are slightly nonlocal. Note that 
in spite of this non-locality, the supersymmetry 
transformations are all gauge covariant, since the 
superfields I have written down are gauge covari- 
ant. 



Y 




Figure 2. The lattice for SYM in d = 2 with 
Q = 4 supercharges, in terms of the superfields 
of Eq. (O 



In terms of the superfields of Eq. H12|l the lat- 
tice may be drawn as in Fig. |21 The lattice action 
Eq. ^ may be rewritten in terms of the super- 
fields as 



S 



1 



2 ,dOj2^r 



-^n(^n— ei-^n— ei -^n^n 
~l~ yn— e2^n— 62 ^nl/ii, 



(13) 



-62) 



This expression is not especially illuminating, ex- 
cept to show that the supercharge Q generates an 
exact symmetry, as the action Eq. H13(l is mani- 
festly invariant under translations of 0. 

In order to analyze the stability of the theory 
under radiative corrections, we can follow the fol- 
lowing sequence of well-defined steps: 

1. We expand both the superfields and the ac- 
tion about the point in moduli space x — 
y — in powers of a, keeping the form 
of the action manifestly supersymmetric; 

2. By power counting we identify the general 
form of all local operators consistent with 



the exact symmetries of the lattice whose 
coefficients could receive divergent contri- 
butions. At i!- loops we determine how many 
powers of the coupling constant g will ac- 
company the operator, make up the needed 
dimension with powers of the lattice spac- 
ing a, and consider the a ^ limit. 

3. Each possible counterterm which violates 
the symmetries of the target theory and has 
a divergent coefficient presumably requires 
a fine-tuning in order to obtain the target 
theory in the a — > limit. (From our clas- 
sical analysis, we already know that all bad 
operators have vanishing coefficient in the 
tree level action.) 

As shown in ref. ^), the two dimensional lat- 
tice being discussed here has enough symmetry to 
forbid any supersymmetry violating divergences, 
with the exception of a harmless correction to the 
vacuum energy. We conclude that the target the- 
ory Eq. 1^ is obtained in the continuum limit 
of our lattice theory without the need for fine- 
tuning. 

(I should point out that the theories could be 
better behaved than I am assuming. I have not 
considered the possibility of holomorphy argu- 
ments which could protect the lattice against ra- 
diative corrections even when there are no exact 
symmetries that will |2.) 

3.3. Infrared divergences and flat direc- 
tions 

The second step in the above procedure re- 
quires elaboration. The power counting and di- 
mensional analysis is done in a perturbative ex- 



pansion in the bare coupling (g^)^ 



of the 



rf-dimensional target theory, which is justified so 
long as that coupling is small and one does not 
encounter infrared divergences. Let us consider 
first the applicability of perturbation theory. For 
SYM theories in d = 2 and d = 3 dimensions, 
the gauge coupling g^^ is dimensionful and corre- 
sponds to a fixed physical scale in the continuum 
limit. Therefore in these cases the bare coupling 
in lattice units (Xgd)'^CL^~'^) vanishes in the a ^ 
limit. In d = 4 dimensions (g^)^ is dimensionless 
and will be small as a ^ if the theory is either 
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asymptotically free, or conformal and weakly cou- 
pled. The SYM theories in c? = 4 which can be 
analyzed using our methods are A/" = 4 (which 
is conformal in the continuum) or A/" = 4 broken 
by mass terms for the particles down to A/" = 2 
or A/" = 1 (which are asymptotically free theo- 
ries). Therefore the power counting arguments 
are justified for each of these cases, with the ex- 
ception of the strongly coupled A/ = 4 theory, for 
which there is no perturbative expansion in the 
bare coupling. 

As for infrared divergences encountered in a 
perturbative expansion of the lattice theory, there 
are three possible sources. In d = 4 asymptoti- 
cally free theories, there are the infrared diver- 
gences of the sort familiar from QCD; they actu- 
ally validate the perturbative expansion by forc- 
ing us to take the bare coupling to zero in the 
continuum limit. 

A second source of infrared divergences arises 
from the flat directions of the lattice action. In 
the two dimensional example here, these corre- 
spond to the family of transformations on the x 
and y lattice variables which leave the action in- 
variant. One class of such transformations are 
the gauge transformations, which form a compact 
space and so are not a problem. However others 
form a noncompact space, such as shifting x and y 
everywhere on the lattice by the unit matrix times 
two independent constants. These latter global 
transformations correspond to changing the size 
of the lattice spacing independently in the x and 
y directions. Obviously, the existence of such flat 
directions implies that path integration over x 
and y will diverge; small consolation that the ex- 
act lattice supersymmetry implies that there are 
compensating fermion zeromodes! Nevertheless, 
we can treat the bosonic zeromodes exactly as in 
the case of spontaneous breaking of a compact 
global symmetry: we can introduce a small sym- 
metry breaking term to the action, which we re- 
move in the large volume limit. In the present 
case, such a term would take the form 



l;^A^Tr 



2a? 



2a2 ; 



which serves to fix the values x = y = 
about which we are expanding. The correspond- 
ing fermionic zeromodes (corresponding to the 
zero momentum [/(I) photinos of the target the- 
ory's C/(fc) gauge symmetry) may also be regu- 
lated or eliminated from the theory. 

The third possible source of infrared diver- 
gences is special to c? = 2. In dimensions d > 2 
the symmetry breaking terms Eq. (|14|l serve to 
fix the moduli, and one can take /i — > in the 
infinite volume limit. In d — 2 the situation is 
somewhat more complicated. There is no sponta- 
neous symmetry breaking in d = 2 due to the log 
divergent fluctuations of the would-be Goldstone 
bosons. These fluctuations are proportional to 
\n{L/a), where L and a are the IR and UV cutoff 
lengths respectively. In the present case, if — > 
while /iL ~ 1, we can expect fluctuations in x 
(and y) to be given by Sx ~ g2hi{L/a). So long 
as we take the continuum and inflnitc volume lim- 
its to satisfy (032) ln{L/a) —^Oa,sa-^0,L~^oo 
and (72 is held fixed, then we are assured that 
Sx << (x) and so our expansion about (x) — -^^=^ 
is justified, even in d = 2. What makes this case 
different than the usual analysis of spontaneous 
symmetry breaking is that we are not trying to fix 
(x) to equal a physical scale, but rather to equal 
the cutoff. 

Of course the fiuctuations 6x may turn out 
to be much smaller than g2ln(L/a) due to non- 
perturbative dynamics; that is a question of real 
physics. If the L dependence of fluctuations does 
not go away, that probably signifies that the tar- 
get theory Eq. JQ) is ill defined with a noncompact 
moduli space. 



(14) 



4. SYM in d = 2 with Q = 8 

As another example of a d = 2 supersymmetric 
theory I now briefiy describe the lattice for SYM 
in d — 2 dimensions with Q 8 supercharges. 
The target theory consists of a [/ (k) gauge field 
Vm with m ~ 1,2; two Dirac spinors ^'^ with i = 
1, 2; and four real scalars with /i = 0, . . . , 3. 
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The Lagrangean of the target theory is 



£ = ^Tr 

52 



mn ^mn 



(15) 



In the above expression, b = 1,2,3. This the- 
ory possesses an SU{2)^ chiral symmetry (up to 
anomahes). An SO{A) ~ SU{2) x SU{2) sub- 
group of this chiral symmetry is exphcit, with 
transforming as a two-component doublet and 
as a four-component vector; the remaining SU (2) 
is somewhat obscure and involves transformations 
between and ^'i, which is possible since all 
fields are in the (real) adjoint representation of 
the gauge group. 

Our lattice for this theory respects two exact 
supercharges, with the remaining six supersym- 
metries emerging only in the continuum limit. A 
unit cell consists of three complex bosons 21,2,3 
and eight one-component fermions ipi.2,3, £.1,2,3 X 
and A. The structure of the lattice is similar to 
the previous example, and is shown in Fig. |31 

The lattice action is given by 



S 



2 I ^i.ri'^j^^n+e^ 



H~ 2 |2^z,n-23,n+e^ -^Sjii-^z,!!! 

(16) 

where the A functions have the same structure 
seen in Eq. 

As before, analysis of the continuum limit is fa- 
cilitated by making the supersymmetry explicit. 
A superfield notation is again possible by intro- 
ducing two independent Grassmann variables 6 
and 9. There are seven bosonic superfields Zi, 
Zi, and S, and three Grassmann superfields T, T 
and S. Here are some examples of how several of 



2'^2 



z ¥ ► 



Figure 3. The lattice for SYM in d = 2 with Q = 
8 supercharges, the Zi are complex bosons, while 
the other fields are one-component fermions. 



the superfields are related to component fields: 



"n — £,3,n + \/2 6yGn — \/2 eij Zi^n+ej Zj^n 
— V2 ^^5(z3,n+el+e2?3,n — 23,n^3,n) , 

+ [Z3,n, 23, n] + idn ) -\/200[z3,n,A„] 



(17) 

The action of the two supercharges on the super- 
fields is given by 



Q = ^ + V29[z3, 



Q = ^ + V2e[z3, 

oO 



(18) 



with the nontrivial anti-commutator {Q, Q} = 
2-\/2[z3, • ]. To obtain an off-shell realization of 
the super-algebra required introducing two auxil- 
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iary fields, d and G. Note that again the super- 
multiplets are not entirely local, which is what 
leads to supersymmetry charges being related to 
translations in the continuum. 

As in the Q — A example, the continuum limit 
of the d — 2, Q — 8 lattice is defined as an ex- 
pansion about the point in moduli space 

(^i> = (^2) = -i- , (19) 
V2 a 

in the limit 

a — > 0, g ^ CO , ga — §2 fixed. (20) 

Again one finds that at the classical level, the 
lattice theory Eq. (|16|l yields the target theory 
Eq. (|15l) with the complex 2:3 and the real parts of 
Zi^2 forming the four real scalars of the target 
theory, while the fermions arrange themselves as 

*i = (-X V'3) , *2 - (V'l V'2) , (21) 

- (I) • - (-i) • <^^' 

Furthermore, an analysis of the radiative cor- 
rections again reveals that no fine-tuning is re- 
quired to obtain the Q = 8 target theory of 
Eq. (|15|l continuum limit. I refer you to Ref. ^Jj 
for details. 

5. Constructing the supersymmetric lat- 
tices 

I purposely did not begin this talk by explain- 
ing how to construct the supersymmetric lattices 
I have presented. The technique is described in 
detail in Refs. |14I15I16I17| . and explaining it in 
a dark room tends to encourage people to go to 
sleep. But at this point I have nothing to lose, so 
here is a brief overview of the recipe. 

For a target SYM theory in d dimensions with 
a U (fc) gauge group and Q real supercharges: 

• Begin with a SYM theory in the continuum 
with Q supercharges, but with the much 
bigger gauge group U{kN'^); 

• Reduce the theory to zero dimensions, 
yielding a matrix model, with Q supersym- 
metries, and a U{kN''-) x Gr global symme- 
try 



- FoiQ = 4, Gr = 50(4) X C/(l); 

- For Q = 8, Gr = SO{6) x SU{2); 

- For Q = 16, Gr = SO{10). 

Gr is an "i?-symmetry" which does not 
commute with the supercharges. These 
Gr groups are uniquely determined by the 
number of supercharges Q. 

• Identify a particular {Z^Y subgroup of the 
U (kN'^) X Gr symmetry. Remove from the 
matrix model any variables which transform 
non-trivially under this discrete symmetry 
(a process called "orbifolding" ) . 

I will illustrate how this sequence of steps was 
followed to produce the d = 2, Q = 4 lattice 
discussed in § O 

Step 1: We desire a matrix model with Q = 

4 supercharges and a U{kN'^) gauge symmetry. 
This is easily constructed by starting with the 
familiar ^>f — \ SYM theory in four dimensions, 
and then erasing the spacetime dependence of all 
the fields. We are left with the matrix model 

5 = -^Tr (^VmnVmn + V'O^m ["m , V"] j (23) 

where ra = 0, . . . , 4, Um = {1, if?} (where a are 
the three Pauli matrices), and Vmn = j[vm,i'n]- 
The fields -0, V' and Vm are all fcTV^ dimensional- 
matrices. The symmetries of the action S are: (i) 
U{kN'^), under which Vm UvmU\ and sim- 
ilarly for Tp and if)] (ii) an i?-symmetry Gr — 
5*0(4) X C/(l) under which Vm transforms as a 
neutral 4-vector, while if) and ip transform as 
charged spinors; and (iii) Q — A supersymmetry, 
consisting of the following transformations 

6ll! — iVjnnO'mnK , 

Sip = iVmnKamn , (24) 
Sv„i = ~i {i>^mK - Kajnlp) , 

with am = o-J„ and cr,„„ = |(crmCT„ - cr„CT,„); 
K and K are independent two-component Grass- 
mann spinor parameters. 

Step 2: Next we project out a Zjv x Z]\f sym- 
metry, which means that we identify a particu- 
lar Zn X Zn subgroup of the global U{kN^) x 
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S'0(4) X f/(l) symmetry of our matrix model, and 
then set to zero all fields except those which are 
neutral under this discrete symmetry. The re- 
sult is to render the fcA'^^-dimensional matrix vari- 
ables sparse, inhabited by only N'^ fc-dimensional 
blocks. These nonzero blocks will be identified 
with fc-dimensional matrix variables inhabiting 
the sites or links of the N'^ cells of the two di- 
mensional lattice, as shown in Fig. ^ 

The details of how this projection works are 
given in Ref. jl6t and won't be repeated here, but 
the procedure may be illustrated by a toy example 
of two 3fc-dimensional matrix fields $o and $1. 
Assume that we have an action S depending on 
$0 and $1 which is invariant under a C/(3fc) x 
f/(l) symmetry, where $0 and $1 are both U{3k) 
adjoints with U{1) charges and 1 respectively 
(the U{1) plays the role of Gu). We can define a 
Z3 C t7(3fc) X U{1) subgroup whose action on the 
two fields is 




with Lu = g27ri/3 y. -^^ Setting to zero all com- 
ponents of $0,1 except those which are invariant 
under this Z3 symmetry results in $0 consisting 
of three nonzero fc-dimensional blocks along the 
diagonal, and $1 consisting of three nonzero fc- 
dimensional blocks in the {12}, {23} and {31} 
positions. We can interpret these remaining 
variables as degrees of freedom on a three-site, 
one-dimensional lattice with periodic boundary 
conditions — the three blocks in $0 become site 
variables, while those in $1 become link variables. 
Substituting the projected $ matrices back into 
the original action results in a lattice action that 
respects a U{k)^ subgroup of the original U{3k) 
symmetry, with a U{k) factor associated with 
each of the three sites. The Zjv x Zn projection of 
the matrix model Eq. (|23(l works similarly, except 
that we get an iV-site dimension for each of the 
two Zn factors, resulting in a two-dimensional, 
iV^-site lattice. 

The supersymmetric lattices we construct suf- 
fer from two general limitations: Firstly, the 



group Gr needs to be able to contain a Zfj sub- 
group, which means that it has to be at least of 
rank d. Secondly, projecting out a Zn always 
breaks at least half of the supersymmetries. This 
means that lattices for higher dimensional theo- 
ries are in general less supersymmetric, and there- 
fore less well protected from radiative corrections. 
For example, if we tried to construct a lattice ac- 
tion for d = 3, Q = 4 SYM theory, we would 
find that the lattice would not respect any ex- 
act supersymmetries, and so would presumably 
require fine-tuning. It is impossible to construct 
any lattice for Q = 4 SYM in d = 4 following our 
method, since for Q = 4, = SO{A) x U{1) 
which is only rank three. 

6. The bestiary of supersymmetric lattices 

I now give a quick survey of the various su- 
persymmetric lattices we have succeeded in con- 
structing. The Q = 4 and Q = 8 lattices are 
discussed in Refs. ^H], SZ| respectively; a paper 
on Q = 16 target theories is in preparation, and 
our work on Euclidean lattices in d 1 is unpub- 
lished. 

One-dimensional lattices. We can con- 
struct one dimensional lattices for supersymmet- 
ric quantum mechanics with Q = 2, 4, 8, or 16 
supercharges, with Q/2 of those supercharges re- 
alized exactly on the lattice. No fine-tuning is 
required for any of these theories. These may 
prove to be the most reasonable starting point 
for a numerical investigation of supersymmetric 
lattices, as one may be able to use conventional 
Hamiltonian techniques with which to compare 
the answers obtained from a latticized path inte- 
gral. Furthermore, the Q = 16 case is interesting 
in its own right, as it is believed that the large 
Nc limit of such a theory is in fact Af -theory ,24j . 
Understanding this theory could conceivably an- 
swer questions about quantum gravity. 

Two-dimensional lattices. Beside the Q = 4 
and 2 = 8 examples I have discussed, we can also 
construct the d — 2, Q — 16 lattice which has the 
triangular structure shown in Fig. 01 This lattice 
respects four exact supersymmetries, and requires 
no fine-tuning. 
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Figure 4. The lattice for SYM in d = 2 with 
Q = 16 supercharges. 



Three-dimensional lattices. We can construct 
d — 3 lattices for Q = 8 and Q = 16 which 
respect one and two exact supercharges respec- 
tively. The lattices take the form shown in Fig. 
and Fig. respectively. We find that two fine- 
tunings are indicated in the Q = 8 case, but none 
for Q = 16. These theories both have interesting 
features. The Q = 8 SYM theory possesses some- 
thing called "mirror symmetry" , which has been 
analyzed in Ref. [2S1, while the Q = 16 theory is 
expected to have a nontrivial infi'ared fixed point 
|26| . required. 

A four-dimensional lattice. The only d — 4 
lattice we can construct has as its target theory 
A/" = 4 SYM. The target theory is expected to be 
finite, and its large- A'c limit is expected to have 
a dual string theory description. The lattice we 
construct is of the type |2ZI; it respects a sin- 
gle exact supersymmetry. In this case it appears 
that the supersymmetry of the lattice is not suf- 
ficiently powerful to eliminate the need for fine- 
tuning, but we have not yet explored how many 
fine-tunings are 

Spatial lattices. Up to now I have only dis- 
cussed Euclidean lattices, but it is also possible to 
construct spatial lattices in continuous Minkowski 
time for a Hamiltonian approach 14 . The ad- 




Figure 5. The lattice for SYM in d ^ 3 with 
Q = 8 supercharges. 



vantage of these lattices is that, being lower by 
one dimension from the corresponding Euclidean 
lattices, they possess twice as many exact super- 
symmetries. This suffices, for example, to elimi- 
nate the need for fine-tuning in the d = 3, Q = 8 
case. Fine-tuning may be required for the Q = 16 
lattice in d = 3 + 1 dimensions, but that is not 
certain |14j. 

7. Future directions 

I hope I have given you a sense of the unusual 
and beautiful properties of these supersymmetric 
lattices, and how they circumvent the apparent 
obstacles discussed in |21 — such as the need for 
chiral symmetries in the continuum — in devious 
and novel ways. I hope that further study will 
enlarge the class of supersymmetric theories that 
can be constructed on the lattice, perhaps mak- 
ing contact with the ideas presented at this con- 
ference by Simon Catterall. I am also optimistic 
that these lattices may prove useful for analyt- 
ical studies of supersymmetry, perhaps allowing 
one to construct explicit Nicolai maps j2Hl in a 
regulated theory, or leading to a better under- 
standing of duality in SYM theories. Eventually 
I hope that such lattices could provide a window 
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Figure 6. The bcc lattice for SYM in d = 3 with 
Q — 16 supercharges. Link orientation and par- 
ticle content are not shown. 



onto quantum gravity through the connection dis- 
covered between string theories and SYM in the 
large- A*"c limit. 

The greatest obstacle now to numerical study 
of these theories is the issue of simulating dynam- 
ical fermions. Not only is there the challenge of 
exactly massless fermions, but apparently there is 
a sign problem as well |29I30| . It can be shown an- 
alytically that the sign problem must disappear in 
the continuum limit for the Q = 4 lattices, but it 
is unknown what happens in the cases with more 
supersymmetry. In any case, it would seem that 
analysis of one-dimensional lattices for a path in- 
tegral formulation of supersymmetric quantum 
mechanics would be the technically most feasible 
place to start any investigation. 
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